
Phase Equilibria

Reading: West 7

433



PHASE DIAGRAMS

Å Also called equilibrium or constitutional diagrams

Å Plots of temperature vs. pressure, or T or P vs. 
composition, showing relative quantities of phases at 
equilibrium

Å Pressure influences phase structure

ïRemains virtually constant in most applications

ïMost solid -state phase diagrams are at 1 atm

Å Note: metastable phases 
do not appear on 
equilibrium phase 
diagrams
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PHASES

A phase is a homogeneous portion of a system with uniform physical and 
chemical characteristics, in principle separable from the rest of the system.

e.g., salt water, molten Na 2O-SiO2

gaseous state

Åseemingly only one phase occurs (gases always mix)

liquid state

Åoften only one phase occurs (homogeneous solutions)

solid state

Åcrystalline phases : e.g., ZnO and SiO 2 = two phases 

Åpolymorphs: e.g., wurtzite and sphalerite ZnS are different phases

Åsolid solutions = one phase (e.g., Al2O3-Cr2O3 solutions)

A difference in either physical or chemical properties constitutes a phase

Åtwo immiscible liquids (or liquid mixtures) count as two phases
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PHASE EQUILIBRIA

The equilibrium phase is always the one with the lowest free energy

DG = DH ïTDS

The driving force for a phase 
change is the minimization of free 
energy

Equilibrium Ÿ state with 
minimum free energy under some 
specified combination of 
temperature, pressure, and 
composition e.g., melting

metastable

unstable

equilibrium state 436
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GIBBS PHASE RULE

Gibbs

P + F  = C + 2

P: number of phases present at equilibrium
C: number of components needed to describe the system
F: number of degrees of f reedom, e.g. T, P, composition

The number of components (C) is the minimum number of chemically 
independent constituents needed to describe the composition of the 
phases present in the system.

e.g., Åsalt water. C = 2 (NaCl and water)
Åsolid magnesium silicates. C = 2 (MgO and SiO 2)
Åsolid MgAl silicates. C = 3 (MgO, Al 2O3, SiO 2)

The degrees of freedom (F) is the number of independent variables 
that must be specified to define the system completely.
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F  = C ïP + 2

ñOn the Equilibrium of Heterogeneous Substancesò 1874-78



ONE COMPONENT PHASE DIAGRAMS

P + F  = C + 2

with C = 1

P + F  = 3

Composition is fixed,
only T and P can vary

Three possibilities:

ÅP = 1 é F = 2 (bivariant phase field )
ÅP = 2 é F = 1 (univariant phase curve)
ÅP = 3 é F = 0 (invariant phase point )

F=0

F=2

F=1
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P + F = C + 2

C = 1 (water)
P = 2 (vapor + liquid )

F = 1 (either T or P ,
but not both )

Ÿ coexistence curve

F=1

EXAMPLE: BOILING WATER

*once we specify either T or P of 
our boiling water, the other 
variable is specified automatically
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From a to b, starting from Gibbs -Duhem equation:

CLAUSIUS-CLAPEYRON EQUATION

Expresses the pressure dependence of phase transitions 
as a function of temperature (gives slopes of coexistence curves). 

derived ~1834



Slope of the coexistence curves:

VT

H

dT

dP

D

D
=

HD positive along arrows
(melt, sublime, vaporize)

VD negative only for melting

*Ice less dense than water
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ONE COMPONENT PHASE DIAGRAMS

Carbon
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Gemesis, GE, Sumitomo Electric, and De Beers 

More than 100 tons of synthetic diamonds are 
produced annually worldwide by firms like Diamond 
Innovations (previously part of General Electric), 
Sumitomo Electric, and De Beers. 



ONE COMPONENT PHASE DIAGRAMS

SiO2

4.287 g/cm3

P42/mnm

C2/c

2.93 g/cm3

P3121

2.65 g/cm3

there are also many metastable phases 
(not shown) 444



OTHER EXAMPLES

Ice ð18 different crystalline phases!
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hex ice



OTHER EXAMPLES

CO2
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OTHER EXAMPLES

Sulfur
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TWO COMPONENT (BINARY) DIAGRAMS

with C = 2

Composition is now variable: T, P, and
composition can vary

P + F  = C + 1

When vapor pressures are 
negligible and nearly constant :

Condensed phase rule:

P + F  = C + 2

Pressure is no longer a variable: only T and composition matter

P + F  = 3

Three possibilities (as before):

ÅP = 1 é F = 2 (bivariant phase field )
ÅP = 2 é F = 1 (univariant phase curve)
ÅP = 3 é F = 0 (invariant phase point ) 448



SIMPLE EUTECTIC SYSTEMS
simplest binary diagram for solids

P=1

F=2

P + F  = 3

(liquid)

P=2

F=1

P=2

F=1

P=2

F=1

(solid)

449



Åno compounds/solid solutions in solid state
Åonly single phase liquid at high temperatures
Åpartial melting at intermediate temperatures
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First, specify overall composition of the system
Second, pick a temperature.

Ÿ The compositions of the phases (1 or 2) are then fixed

Liquid
1490°C
70% A
30% B

isotherme.g., start 
with liquid
at a certain 
composition

isopleth
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now, slowly 
cool liquid

crystals of A
begin to form

Liquidus curve : specifies the maximum temperature at which crystals 
can co-exist with the melt in thermodynamic equilibrium 452



Maximum T at which crystals can exist.
aka Saturation Solubility Curve

Melting point 

depression: the effect 

of a soluble impurity 

on the melting point of 

pure compounds.

LIQUIDUS CURVE

453



For example, consider salty ice:

add salt, freezing point fallsé454



keep cooling

more crystals of A 
form, depleting melt 
of A

the system is now a mixture of crystals of pure A and the melt 
of composition y

P=2

F=1
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YX f

Along the isotherm XfY , the relative amounts of the phases A and melt 
vary but the composition of the individual phases does not vary. 
Along XfY , the two phases are pure A and melt of ~60% A & 40% B. 
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YX f

The relative amounts of the two phases (òphase compositionó) can be 
determined by using the lever rule along the tie line XfY : 
Amount of A = fY /XY and amount of liquid = Xf /XY .

tie line



cool more

note that liquid 
becomes richer in B

We can use the phase diagram to determine the phase composition , 
the relative amounts of A and melt at a certain T and bulk comp.



PHASE COMPOSITION AND LEVER RULE

Lever rule : the fractional amounts of two phases are inversely 
proportional to their distances along the tie line (isotherm) from the 
bulk composition axis

X Yf

1 1 2 2f L f L=

L1 = Xf L2 = fY

1 1 2

2 1 11

f f L

f f L
= =
-

2
1

1 2

fY

XY

L
f

L L
= =
+

P
h

a
se

 1

Phase 2

òbalance the teeter-totteró
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X Yf

P
h

a
se

 1

Phase 2

fôõfô

Overall Composition Fraction of liquid

fô
f
fõõ

Xfõ /XY = 10%
Xf /XY = 60%
Xfõõ /XY = 85%
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last of the liquid 
solidifies as crystals 
of A and B

cool some more

Solidus curve : gives the lowest temperature at which liquids can 
exist in equilibrium over a given compositional range

fraction A: fe / Xe
melt fraction: Xf / Xe

just above solidus:

X f

passing through the 
solidus is called the 
eutectic reaction:

Liq. e + A Ą A + B
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sample is now 
mixture of A and B 
crystals

cool some more

not much interesting happens below the solidus line. The solid just 
further cools with no change in composition.

fraction A constant
at fY /XY

fraction B constant
at Xf /XY

below solidus:

fX Y

P=2

F=1
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crystals of B 
precipitate first 

(B primary )

crystals of A 
precipitate first 
(A primary )

~0% B
~100% liq.

~0% A
~100% liq.
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slow heating is 
the reverse of 
slow cooling 
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EUTECTIC COMPOSITION (ñeasily meltedò)

system with the eutectic composition will melt/freeze congruently
(i.e., completely, with no change in composition) and at the lowest T

eutectic 
point

eutectic point is invariant

P + F  = 3

- 3 phases present
(A, B, liquid e)

composition with the 
lowest melting point
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F  = 0
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Vapor-Liquid -Solid Nanowire Growth

metal 
catalysts

alloy
liquid

vapor
nanowire

Alloying

Nucleation

Growth

I              II               III         

I

II

III

Unidirectional growth is the consequence of an anisotropy in solid-liquid interfacial energy.

Y. Wu et al. J. Am. Chem. Soc. 2001, 123, 3165

800 deg. In-situ TEM
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BINARY SYSTEMS WITH COMPOUNDS

ÅAB melts congruently

(no change in composition)

Ålooks like two simple  

eutectic systems stitched 

together

Type 1: single compound AB that melts congruently  
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BINARY SYSTEMS WITH COMPOUNDS

ÅAB melts incongruently at T2

(liquid composition is x,

liquid fraction is zy/zx)

Åx is a peritectic point

(3 phases: A, AB, liquid x)

ÅAB melts completely at T3

Åliquid compositions between 

x and m precipitate AB first

Type 2: single compound AB that melts incongruently  

Peritectic point : an invariant point (liquid & two solids) in which the 
composition of the liquid phase is not between that of the two solids 
(not a minimum in the intersection between two liquidus lines)
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